Introduction
Let k be a global field and A k be the adèle ring of k. Let V be a smooth geometrically irreducible variety defined over k and let Br(V) be the Brauer group of V. It is well-known that
Here,
and for each valuation v and each Azumaya algebra A in Br(V), inv v : Br(k v ) −→ Q/Z is the local invariant map from class field theory and A(P v ) is defined as follows. A point P v ∈ V(k v ) gives a map Spec(k v ) −→ V, and hence induces a pullback map Br(V) −→ Br(k v ); we write A(P v ) for the image of A under this map. We say that V satisfies the Hasse principle if the following is true
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If V(k) = ∅ and V(A k ) = ∅, we say that V is a counter-example to the Hasse principle. Further, if we also have V(A k ) Br = ∅, we say that V is a counter-example to the Hasse principle explained by the Brauer-Manin obstruction.
In 1921, Hasse proved that smooth quadric hypersurfaces of arbitrary dimension satisfy the Hasse principle. The first counterexamples of genus one curves to the Hasse principle were discovered by Lind ([9] ) in 1940 and independently by Reichardt ([13] ).
We are concerned in this paper with constructing del Pezzo surfaces of degree 4 violating the Hasse principle explained by the Brauer-Manin obstruction; and it then follows that there exist algebraic families of K3 surfaces violating the Hasse principle explained by the Brauer-Manin obstruction. More precisely, we shall prove the following Theorem 1.1. Let p be a prime such that p = 64k 2 + 40k + 5 for k ∈ Z ≥0 . Let X ⊂ P 4 Q be the del Pezzo surface defined by 
Let Ω ∈ Q be a rational number such that the triple (λ, µ, ν) ∈ Q 3 defined by
satisfies the following.
The arithmetic of certain del Pezzo surfaces and K3 surfaces
Let K ⊂ P 5 Q be the K3 surface defined by
Then, K is a violation of the Hasse principle explained by the Brauer-Manin obstruction.
We shall prove Theorem 1.1 in Section 2. In Section 3, we shall prove Theorem 1.2 and as a corollary, we shall show that there are algebraic families of K3 surfaces violating the Hasse principle explained by the Brauer-Manin obstruction. Remark 1.3. Let k = 0 in Theorem 1.1. Then, p = 5. Let X 5 be the del Pezzo surface of degree 4 defined by
Then, by Theorem 1.1, X 5 violates the Hasse principle explained by the Brauer-Manin obstruction. This is the well-known Birch and SwinnertonDyer del Pezzo surface (see [1] ).
Remark 1.4.
It is easy to check that the point (Γ 0 , Λ 0 , Σ 0 ) = (1, p, 8k + 1) lies on the conic Q with Γ 0 = 1 = 0.
In Section 3, we shall show that for a given point (Γ, Λ, Σ) on the conic Q with Γ = 0, there are infinitely many polynomials Ω(T) ∈ Q[T] such that the quadruple (Γ, Λ, Σ, Ω(T)) satisfies A1 and A2 for any T ∈ Q. This is the key fact that we shall use to construct algebraic families of K3 surfaces violating the Hasse principle explained by the Brauer-Manin obstruction. 
The Hasse principle for certain degree 4 del Pezzo surfaces
all represent the same class in Br(Q(X )).
We consider the following two conics defined over K and lying on X
Let σ be the generator of the Galois group Gal(K/Q). Then, it follows that Γ 1 + σΓ 1 is the section of the surface X by the hyperplane u = 0, and similarly, Γ 2 + σΓ 2 is the section of X by the hyperplane u + (8k + 1)v = 0. Hence, we deduce that
Thus, it follows from Lemma 1 in [16] (or from Proposition 2.2.3 in [5] ) that A is an Azumaya algebra of X .
The arithmetic of certain del Pezzo surfaces and K3 surfaces 451
The last contention follows immediately from the defining equations of X .
Proof of Theorem 1.1. One can verify that X is smooth if p = 0. Hence, X is del Pezzo surface of degree 4. Now we show that X is everywhere locally solvable. One can check that the points 
Suppose that l = 2. Then, since
the point Q 4 := (−p 2 : p : 0 : p : (8k + 2) p(−p + 8k + 2)) belongs to X (Q 2 ). Therefore, X is locally solvable at 2. Hence, in any event, X is everywhere locally solvable. Let Q(X ) be the function field of X and let A be the class of the quaternion algebra p, u u + (8k + 1)v . Then, by Lemma 2.2, we know that A is an Azumaya algebra of X . For each prime l (including l = ∞), let P l := (u : v : x : y : z) be a point in X (Q l ) such that it is represented by integral coordinates with at least one unit among them. Let A(P l ) ∈ Br(Q l ) be the evaluation of A at P l and let inv l : Br(Q l ) −→ Q/Z be the invariant map from class field theory as introduced in the Introduction. We shall prove that for any P l ∈ X (Q l ),
Suppose that l = ∞. Then, p is positive and hence, a square in R = Q ∞ . Hence, the Hilbert symbol p, u u + (8k + 1)v ∞ = 1 at points P ∞ for which u and u + (8k + 1)v are non-zero. Since the map P → inv ∞ (A(P )) is continuous on X (R), it implies that inv ∞ (A(P ∞ )) = 0 for any point P ∞ ∈ X (R).
Suppose that l is an odd prime such that p is a square in Q × l and l = p. Then, repeating in the same manner as in the case when l = ∞, we deduce that inv l (A(P l )) = 0.
Suppose that l is an odd prime such that p is not a square in Q × l and l = p. Then, at least one of u, v is non-zero modulo l; otherwise, it follows from (1.1) and (1.2) that x 2 − py 2 ≡ 0 (mod l) and x 2 − pz 2 ≡ 0 (mod l). We see that x, y are non-zero modulo l; otherwise u = v = x = y = z = 0 modulo l, contradiction. Hence, p ≡ (x/y) 2 (mod l) and thus, p is a square in Q l , contradiction. Similarly, at least one of (u + (8k + 1)v) and (u + (8k + 2)v) is non-zero modulo l. Hence, at least one of the numbers
Suppose that l = 2. We shall prove that at least one of u, v is odd. Assume the contrary, that is, u = 2u 1 and v = 2v 1 for some u 1 , v 1 ∈ Z 2 . Then, since p ≡ 5 (mod 8), we deduce that x 2 − y 2 ≡ 0 (mod 4). Note that x, y and z must be odd; otherwise, for example, assume that x is even. Then, it follows from equations (1.1) and (1.2) that y and z must be even as well, contradiction. Similarly, we also have that x 2 − z 2 ≡ 0 (mod 8). Thus, modulo 8 equation (1.2), it follows that 4(
is odd, a contradiction since u 1 and v 1 are odd. Thus, at least one of u and v is odd and hence it implies that at least one of (u+(8k+1)v) and (u+(8k+2)v) is odd. So, at least one of the numbers
Suppose that l = p. Then, reducing the defining equations of X modulo p, we deduce that
.
It follows from the last two congruences that u 2 + (16k + 3)uv + (8k + 1)(8k + 2)v 2 ≡ uv (mod p). Hence, we deduce that
We know that v ≡ 0 (mod p); otherwise, u ≡ 0 (mod p) and x ≡ 0 (mod p). Reducing equations (1.1) and (1.2) modulo p 2 , we deduce that py 2 ≡ 0 (mod p 2 ) and pz 2 ≡ 0 (mod p 2 ); so, y ≡ 0 (mod p) and z ≡ 0 (mod p), contradiction. Hence, it implies that v u + (8k + 1)v 2 ≡ 1 −8k − 1 (mod p). Since p = 64k 2 + 40k + 5, it follows that p = 4(4k + 1) 2 + 8k + 1 and hence, 1
we deduce that the local Hilbert symbol
Hence, inv p (A(P p )) = 1/2. Therefore, l inv l (A(P l )) = 1/2 for any (P l ) l ∈ X (A Q ) and hence, X (A Q ) Br = ∅, proving our contention.
Examples of del Pezzo surfaces violating the Hasse principle.
We recall the following conjecture. We see from the Bouniakowsky conjecture that there should be infinitely many primes p such that p = 64k 2 + 40k + 5, for a positive integer k. Hence, there should be infinitely many del Pezzo surfaces of degree 4 defined as in Theorem 1.1 violating the Hasse principle explained by the Brauer-Manin obstruction. In Table 2 .1 below, we give a list of the first few values of p in Theorem 1.1. Example 2.4. Let (k, p) = (1, 109) and let X 109 be the del Pezzo surface defined by
Then, by Theorem 1.1, X 109 is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. 
The Hasse principle for K3 surfaces
In this section, we shall prove Theorem 1.2 and hence, applying Theorem 1.2, we shall construct algebraic families of K3 surfaces violating the Hasse principle explained by the Brauer-Manin obstruction.
We state the following well-known lemma that we shall need in the proof of Theorem 1.2. 
The next lemma shows that given a point (Γ, Λ, Σ) ∈ Q(Q) with Γ = 0, there are infinitely many polynomials Ω(T) ∈ Q(T) such that the quadruple (Γ, Λ, Σ, Ω(T)) satisfies A1 and A2 for any T ∈ Q. Hence, by Theorem 1.2, this implies that there are algebraic families of K3 surfaces violating the Hasse principle explained by the Brauer-Manin obstruction. Proof. Assume that Ω is a rational number such that one of C i is zero for 1 ≤ i ≤ 5. Then, we see that Ω is a rational root of one of the following polynomials
and
Similarly, if Ω is a rational number such that λµν = 0, then Ω is a rational root of the degree 4 polynomial defined by
We define
where
Then, A is nonempty since H(T) has at least two rational roots T = ±Γ. Further, since we see that deg(G(T)) = 16 and deg(H(T)) = 4, it follows that the cardinality of A is finite. We define m 0 := max{|z| : z ∈ A}.
Then, one can check that the polynomial Ω(T) ∈ Q[T] defined by
for m ≥ m 0 + 1 and n ≥ 1, does not take any values in A for any T ∈ Q. Thus, the quadruple (Γ, Λ, Σ, Ω(T)) satisfies A1 and A2 for any T ∈ Q.
Before proceeding to prove Theorem 1.2, we shall prove that the surface K defined in Theorem 1.2 is a K3 surface. Proof. One can prove the smoothness of K using the Jacobian criterion. This approach is elementary but tedious. We present below a more elegant proof using the geometric properties of the situation which was kindly provided by the referee.
We know that the surface K is a double cover of the del Pezzo surface X defined in Theorem 1.1, ramified along the curve C ⊂ X cut out by λx 2 + µy 2 + νz 2 = 0. It is known that X is smooth; hence, to prove that K is smooth, it suffices to show that C is smooth. We see from the defining equations of X that C is a double cover of the curve D ⊂ P 3 defined by
with ramification locus L ⊂ D defined by λx 2 + µy 2 = 0. Recall that an intersection of two quadrics Q 1 (x) = Q 2 (x) = 0 is smooth if and only if the homogeneous polynomial det (sQ 2 (x) + tQ 2 (x)) ∈ Q[s, t] has no multiple root (see [14] ). Using this fact, one can check that D is smooth if and only if C 1 C 3 C 4 C 5 = 0 and that L is smooth as soon as C 2 = 0. Hence, K is smooth as soon as all C i 's are nonzero.
Proof of Theorem 1.2.
Proof. We prove that K is everywhere locally solvable. We consider the following cases. Case I. l is an odd prime such that −1 is a square in Q × l . In particular, p is among these primes.
Let 
Since (Γ, Λ, Σ) lies on the conic Q, it follows from (1.3) that Q 2 lies on K. Furthermore, since √ p ∈ Q × l , it follows that Q 2 ∈ K(Q l ). Case III. l is an odd prime such that −p is a square in Q × l . Let Q 3 := (−p : 0 : 0 : 0 : √ −p : pΓ). Then, since λ = Γ 2 , one sees that
one can check that Q 4 lies on K. Furthermore, we know that
Hence, p(8k
. Therefore, in any event, K is everywhere locally solvable. Now we show that K(A Q ) Br = ∅. Indeed, on letting
one sees that K lies on the del Pezzo surface X in Theorem 1.1. Hence, there exists a morphism
Thus, since X (A Q ) Br = ∅, it follows from Lemma 3.1 that K(A Q ) Br = ∅, proving our contention.
Algebraic families of K3 surfaces violating the Hasse principle.
In this subsection, we shall apply Theorem 1.2 to explicitly construct algebraic families of K3 surfaces violating the Hasse principle explained by the Brauer-Manin obstruction.
Corollary 3.5. Let p be a prime such that p = 64k 2 + 40k + 5 for some integer k ∈ Z ≥0 . Let m, n be integers such that m ≥ 2 and n ≥ 1. Let
Q be the K3 surface defined by Since k ≥ 0, one sees that F 3 (T) ≥ 1 and F 4 (T) ≥ 17 for all T ∈ Q. Hence, F 3 and F 4 do not have any rational roots. We know that the discriminant of F 2 is ∆ F 2 = −8192k 3 − 3072k 2 − 384k − 16 ≤ −16 < 0.
Hence, it follows that F 2 does not have any rational roots. We contend that F 1 has exactly two rational roots ±1. Indeed, we see that A = 16384k 4 + 20480k 3 + 8960k 2 + 1600k + 101 ≡ 5 (mod 8);
hence, it implies that A is not a square in Q × 2 . In particular, this implies that A is not a perfect square in Q, which shows that the set of rational roots of F 1 has exactly two elements ±1. Similarly, we can see that B = 1024k 3 + 896k 2 + 232k + 19 ≡ 3 (mod 8), which implies that B is not a square in Q × 2 . Hence, B is not a square in Q. Thus, F 5 has exactly two rational roots ±1.
Therefore, the polynomial G(T) = Hence, H(T) has exactly two rational roots ±1. Therefore, we deduce that A := {z ∈ Q : G(z) = 0 or H(z) = 0} = {±1}.
For each m ≥ 2 and n ≥ 1, we define the polynomial Ω(T) ∈ Q[T] as follows. Ω(T) = T 2n + m.
